3.1 thru 3.3 


“In mathematics you don't understand things... 
...you just get used to them.” 


- John von Neumann 
(http://en.wikipedia.org/wiki/John von Neumann ) 


Lecture 9 


Vector Analysis 


Lab: Analyzer This 


Scalar — a quantity whose value is represented by a single real number 
(temperature, mass, volume) 


Vector — a quantity whose value is represented by a magnitude and a direction 
in space (force, velocity, position vector) 


Field — a function of the coordinates of every point in a region in space that defines a 
scalar or a vector quantity (temperature in a room, Earth's gravitational شا‎ 
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Exercise 3.1 Find the distance vector between P,(1,2,3) and P5(—1,—2,3) in 
Cartesian coordinates. 


sen 
Ta + PB = X(x —x1) + $02 — vi) + Z(z2 — 21) 
= &(—1—1) +#(--2--2) ተጂ --3) 


=--፪2--#4. 


Whar is the disrance betwleov D? E ° 
= [gl pov = “ግሃ units 


Exercise 3.3 Find the angle that vector B of Example 3-1 makes with the z-axis. 
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== A A A 
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Exercise 322 Find the angle 8 between vectors A and B of Example 3-1 using the 


cross product between them. 
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045 = sin (0.57) = 34.9" or 145.1°. 


Q: line: Would you Find a unit م۷۰۲‎ 
per pendi cular to beth e] = = 


Examples: 
Find all unit vectors that are perpendicular to both 
4=23+9--22 and B=-%4+$+25 


X Y. 2 
AxB=|3 1 --2፲= ፳6+2])+ 9(2-15)+ 2(3+1)= $7 — 913 24 
-1 1 5 
AxB X1— 3134 24 X1 — 3134 24 
نب‎ ۰ ۰ ۳ SP uo ከ በጋር 
"al JP +(-13) 14? 234 
- ñ= 20.416 + $0.85 — 20.26 ñ1(4,8) and -AL(A,B) 


Which of the following products of vectors do not make sense: 
a) (4. B)x C c) AS Cl e) A/a 
b) (Ax BC d) A/ B 


a) A scalar cannot be crossed with a vector 
d) and e) Division of vectors is not defined 


f) (Ax B).C 


Orthogonal Coordinate Systems 
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longitude 


Q: if you went straight through the Earth from State College, where 
would you be on the other side? What would be the nearest big city? 
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Cartesian Cylindrical Spherical 

Coordinates Coordinates Coordinates 
Coordinate variables 
RA, +A, +A; ይላ, + وه‎ +A, RAR +9۸ +04) 


A? (at +4} +A? +A? U^ +۸۶ +A? A HASTAS 


Rx. + 3yi ተደ. tri +221, 
for P(x1,y1,21) for P( Ata) 
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ds, = ل لا‎ dz ds, =ddrdz መፅ = OR sinB dR do 
ds, = Zdxdy ds, = ŝrdrdĝ ds, = ÈR dR 0 


Differential volume, dv = dxdydz rdrdddz R? sinddRd8 do 
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Problem 3.22 Use the appro 


determine the(area of each of the fo ing 
(a) : ۲ 5 ٩ 2 E — 4 use. cartesian 
(b 2<r<5; n/2x6€m z= 0, grids, ENOJ d 


Yok cyl. የ spl, 


2<r<5; ۲/۸ -2<7<2,‏ رم 


(d R=2; 0< O< 5/3: 0 > © > 6 | 
(e) Of RLS; OTT OG. 


Also sketch the outlines of each of the surfaces. 


(a) Using Eq. (3.43a), 


2 ጽ/ን l 
'Xb) Using Eq. (3.43c), 5 
21 
a, (lao dear (| ===. 
€) Using Eq. (3.43b), 
"2 ۹ | ۲ 
Az Jam فر‎ AIP? dr dz = (raf. Lë = 12. 


filii Using Eq. (3.50b), 
a= f. £ (A? sin9)|,.., ወወ = Í (—46cos6)I7/ أك‎ = 2r. 
0 /ዕ=0 e =0 


mer) sung Eq. (3.50c), 


5 7 MINI? 25/37 
A= sin لمك ورہےم|(9‎ = | ( Rosin > — — 
; kad (Rein) | ربعو‎ di dR (Q^ 5፡8 3) Lei ፳=0 M 


Examples: 
Find the total current flowing through a copper wire that has a circular cross- 
section with radius ry = 1 mm. The current density is J = 10 mA/mm?. 


d$, Y 


I=[J-dí= =f [srarap= 27 ادبم[‎ | -omst 
S $-0 r=0 2 0 2 


2 
= 27x10 x 31.4mA 


Find the total electric charge on the surface of a plastic rod if the surface charge density is 
ہم‎ =2 pC/m?. The radius of the rod is ry = 5 mm and its length is / = 10 cm. 


Q- leie: lo, iJo 27 ያችንም > 


Sop z=0 #=0 $-0 r=0 


S cylinder 
py a 
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=27x2x10” x 0.005 x (0.1 + 0.005) = 6.6 pC 


Problem 3.26 At a given poi 
coordinates by 


space, vectors A and B are given in spherical 


t= -3.1416 


B = —R2+63. 


Find: 
(a) the scalar component, or projection, of B in the direction of A, 
(b) the vector component of Bin the direction of A, 


(c) the vector component of B perpendicular to A. 


(a) Scalar component of B in direction of A: 


A . .. (R4462-6 
ተ ኮነ ee, 


LA v16+4+1 
-8--3 11 
= = سس‎ = —24. 
v21 v21 
(b) Vector component of B in direction of A: 
€ 5 x a, (—2.4) 
C = aC = A— = (R4+ 62 — 
۸ l H v21 


= —(R2.09+ 61.05 — 60.52). 
(c) Vector component of B perpendicular to A: 
D = B-C = (—R2+ 63) + (R2.09 + 61.05 — 60.52) 
= R0.09 + 61.05 + 62.48. 


Problem 3.18 Use arrows to sketch each of the following vector fields: 


(a) Ej = Xx — yy, y $ 
(b) E; = —6, ۸ 
© E; =$1, ۱] ۰ 
( (d) E; = f cosó. ሸሪ | 
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Position coordinates are different from 
basis vectors, and so are their conversion 


between coordinate systems. 
(you likely experienced the former in previous courses ©) 


Coordinate variables 


Cartesian Cylindrical Spherical 
Coordinates Coordinates Coordinates 
š 2, RAR +6۸0 +44, 


(Ak አይር +4 


tri ተ221. 
for P(r ,1,21) 
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Distance between points is most 
“easily” calculated in the Cartesian 
(a.k.a Rectangular) coordinate system. SC SS Be Bo Bi 
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Differential length, dl = 


Differential surface areas 
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Cartesian to 
cylindrical 


Cylindrical to 
Cartesian 


r= iiy 
¢ = ran (y/x) 


A Sé 
x=rcosd 


y=rsind 
ZA Sé 


VA 


= 80050 ተኝ sinó 
—*sind ተ ፻ር050 


= fcosó — ósinó 


t 
2 


sind +cosd 


ለ 6 نو سے‎ H 
yo the kaal is 
gepresen me by Y 


A 


A, = Aycosd +A,sind 
Ag = -Assinĝ +Aycosd 
4; = 4; 

A, = A, 0050 “ዳዕ sind 
Ay = A, sinó +Agcosd 
A; = A; 


y =r sin ¢0 


X 
Vector Components 


Cartesian to R= +/x2+ y2 + 22 
spherical 
6 =tan![ Vx? + y“/2] 
$ = tan ` (y/x) 


x=Rsindcosd 


R = &sinOcosó 

+۲ 510 0 5100 + Zcos 0 
ó = ጂር05 0665 

+፲605 05180 — 25190 
ĝ = —Xsind+ ሃር050 
X= Rsin0cosó 

+605 0۰050 —dsind 
y = 11 10 

+6 وم‎ sind + ووم‎ 
2= Rcos0 -6sind 


Spherical to 
Cartesian 


y=Rsindsind 


z=Rcosd 


Ar = ۸400 
+A,sindsind ተዳ;ር650 
Ag = 4,605 9665 0 
+A,cosdsind — A;sin0 
Ag = وناو ف‎ +Aycosd 
A, = Ap sin 9ር68 dh 
+Agcosdcosd — Au sind 
Ay = Ag sin 60 
+۸00 8:104 +Agcosd 
A; = ሳጳ6059 — Agsind 


Coordinate Variables Unit Vectors Vector Components 


Cylindrical to R= ¥P4+2 R= 


sin 9 + zcosO Ar = A, sin Û + 0 
spherical 8 = tan~! (r/z) û = $cos0 — sinê Ag = A,cos8 — A, 0 
0-9 ቀ Ag = Aq 


Spherical to r= ፳ 5109 A, = Ag sin 0 +Agcos6 
cylindrical d < 0 


Ag = وق‎ 
A; = Arcosd — AgsinO 


z= 060 
Might not need these all too often... 


...however, you will learn some additional field operators next: 


* Gradient (for scalar fields) 


* Divergence (for vector fields) 


* Curl (for vector fields) 


Problem 3.30 Transform the following into cylindrical coordinates and 
then evaluate them at the indicated points: 


(a) ላ = K(x+y) at Pı(1,2,3), O KAT cod 

(b) B= &(y—x) +$(x—y) at P,(1,0,2), ۲ 5 E = : 

oC e ky? (te +») m se + y?) a 24 at P, = 1 ku < en CIV A = (f cos ó — 6sinó)(rcos o + rsin) 

(d) D = Rsin8 + 600 + cos! 4 at P4(2, 1/2, 1/4), we ofaRî 3 = frcos G(cos 6 + sind) — 6rsinó(cos ó + sino). 
(6) E = Rcosó-- sind + sin’ at Ps(3,m/2, m). 1 m. 0 Py = (VE + 2,tan7! (2/1),3) = (V$,63.4°,3), 


AP) = [የ0.447 — 60.894) VS (.447 + 894) = F1.M -- 02.68. 


B= (Fcosó - $sino)(rsino = reos o) + (êcos ó + Fsinó)(rcosó — rsino) 
= fr(2sinocosO— 1) + ér(cos! ó — siro)  fr(sin20 — 1) + ércos 20, 
Py = (VI? +02 tan! (0/1),2) = (1,0°,2), 
B(A) = -የ-+ል. 
© 


C = (Fcosó - زوماءة‎ "T? - (cos + tsino) ® +44 


= bsinócos (sin û — 5050) — $(sin’ ó + cos’ ó) + 24, 
Py = 50 + هها,*(1-)‎ "۲ (-1/1),2) = (V2, -45*.2), 
C(P,) = ۳0,707 + 14. 


w 
D = (f sin8 +Zcos 6) sinê + (Fcos8 — żsin8)cos8 + cos) ó = f + 6 عم‎ 6, 
P, = (2sin(2/2),x/4,2cos (x/2)) = (2,45°,0), 
D(A) =F +e). 


E = (Fsin® + 2cos 8) 6056  (Fcos8 — 21696) sind + êsin? û, 


Py = (3.5.x), 


Gs Si HR AN te = AS :.;K SA" 

Transformation | Coordinate Variables Unit Vectors Vector Components E(P:) = የወ 3 + 205 3 6051+ (feos ; tsan 5 ) sin f + sin = -r+ $. 
Cartesian (0. r= x2 + y? f —£$cosQ +0 A, = A,cosd + Aysind 
| cylindrical | و‎ = tan~!(y/x) $ = —ksind+ أ۹‎ Ag = —Assinĝ +Aycosd 

zar 2=2 Az = Az 

r=Rsind f = Rsind+dcosd A, = AgsinO + 4 ۹۵ 

ዕ=ዕ AA : و۸‎ =Ag 

2 < 060 2 = Rcos0 - 0 A, = Agcos® — AgsinO 


T-Line Example... 


Problem 2.22 A 6-m section of 150-42 lossless line is driven by a source with 


v(t) = 5cos(f x 1077. 30") (V) 


and و2‎ = 150 (2. If the line, which has a relative permittivity €, = 2.25. is terminated 


in a load Z, = (150 — /50) Q, find aŭo 
(a) A on the line, 4 : 
(b) the reflection coefficient at the load, 2 = vet) " بود وین‎ x 10'1—30") V, 
(c) the input impedance, > 7 Vs" y, MOKE on 
(d) the input voltage + የባ A (a) سے‎ 2 ۳ " = 
(e) the time-domain input voltage v;(£). = f pé LO L c _ 3x10 ` | ጨጨ ATER 


e ve VAS 
_ Mp Zë 2nx2x 108 


۳ o 5 ያ @ RRIF 
of \ 
con 1 m W B ° = = Sc? = 045 (radim), 


» Pew 24m (rad). — Na ER 


=5 m, 


(150 -- 750) + 71 رکید انتا‎ 7 
= = 7 i27. 2 
۱ ët تر‎ | (115.70 + 727.42) Q. 
(d) 


p. Zum _ Se (115.7 + 127.42) 
Phases " Zet Zin 150+1157+ /27.42 


+ _ < se 115.7 + /27.42 
ond = 5 = 265.7 + j27.42 


Divi ብዜ se PY x 0.44 کان لح‎ 22¢ — f22 56" (V). 


(e) 
vi(t) = 981“ = 9te|2.2 2256 iM] = ge 107: —22.56") V. 
65565 ርፈ 4p Time domain 


since we ae 2x (rad), we can subtract 2x. which leaves a remainder P? = 0.4 


(rad). 

በ) r= 2-20 _ 150-750-150 — —/50 e > 2 
“Z +Z, 150—J50+150 ^ 300-50 °* 

(c) 
Zë Zi + jZotan fl 
Za وح‎ E + Gr =F 
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Lecture 10 


3.4 thru 3.5 


“Mathematics is the art of giving the same name to different things.” 


-J. H. Poincare 


http://en.wikipedia.org/wiki/ 
Henri Poincar%C3%A9 


"Mathematics is a game played according to certain 
simple rules with meaningless marks on paper.“ 


- David Hilbert 
http://en.wikipedia.org/wiki/David_ Hilbert 
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* Optimization 
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Problem 3.32 Find the gradient of the following scalar functions: 


(a) T 23/(3 +2), 

(b) V 2x?z', 

(c) U = zcos ó/(1- 7?), 
(d) W = e^" sin8, 

(e) $ = Arie? + y), 

(6 N = قر‎ cos? $, 

(g) M = RcosOsino. 


Figure out your coordinate system!!! 


ƏV ۷ 
VV ع-‎ +0- + 


dr r ap 


av gl, av 
R38 ` Rsind © 


(a) From Eq. (3.72), 
ምድ لا‎ MT MEL S 
(2+z2) (242) 
(b) From Eq. (3.72), 
VV = Dis  Qoxyz! + d4xy? 2. 
(c) From Eq. (3.82), 


. 2۳20084  ; csinó cos 


VU = — * 
š im dii 1+2 


(d) From Eq. (3.83). 
VW = Resin + 6(c~* /R) cos 0. 


(e) From Eq. (3.72), 


,قر ع ڑھ S=‏ 
> 8 05 05 05 

Vs =k— +9 و‎ — = &8xe* +3 -- sie? 
جج‎ oe ar xe “+y3) e 


(f) From Eq. (3.82). 
N= r cos? 01 
۱ WW و252‎ 
3 4 i 3 F2rcos* 6 — 62rsinócos ó. 
(g) From Eq. (3.83), 


M = Rcos@sino, 


۱ H ዐላ 
VM = RAS + ۵2 30 “Ŝiano go = Reos@sino — ÓsinGsino-- kee 


Problem 3.36 For the scalar function 7 = je -7/5 cos 0, determine its direction: 
derivative along the radial direction f and then evaluate it at ۶)2, 1/4,3). 


Cy[in i esL 


ዶል 


eT cos 0 ó ar sin 0 
10 2p * 


/ 
eT cos $ 
10 l 


-2/5 cos ፻ 
"diu سب‎ TO 


(2.፳/4,3) 10 


dT 
di 


Example: 


Find the gradient of the scalar field a = age ` sin(zv Land determine its value at (1,2,0). 


Dietro Diva ve. — 


~I ሙ፪ 
= re sinlay)+ yame“ cost ay) = 


Val1,2,0)=|-¿sin(27)+ Ir cod27 age = ç I 
# 


Conservative Field 
1. A conservative vector field can always be expressed 
as the gradient of a scalar field. 


2. The gradient of any scalar field is therefore a 
conservative vector field. 


3. Integration over an open contour is dependent only 
on the value of scalar field g(r) at the beginning 
and ending points of the contour (i.e., integration is 
path independent). 


Pe 


[EP di=[Va(F). di 
4 C 


4. Integration of a conservative vector field over any => 
closed contour is always equal to zero. P, 


= == Magnetic field lines 


— Electric field lines 


Cross section 


E FIELD. —— 
H FIELD 


m... 


Electric Field 


The mathematical definition of divergence is: 


V.A(r)- lim = 
í Av>0 


Av 


where the surface S is a closed surface that completely 
surrounds a very small volume Av at point ٣ , and where ds 
points outward from the closed surface. 
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ne => "gg - - 
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7H" C79 ጫ Ww N À 4  ፖሥ = 727 e e ፖ ىر‎ 


ኳኳ ኤኤ > sr 
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i 
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- s ow ow d ج جو‎ t سے سے سے سے‎ e یی‎ ያ 
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= ጫጨ ጩጨ = n 


D 


Ñ ዴጌ ጫጨ e > =‏ ال 
یہ ہے . ነ ۷ ኣ a ኳ‏ ۲ 


ھ AOW ዔ % "a‏ م 
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Pine needles in a pond... 


Vector fields have spatial variability 


The mathematical definition of divergence is: 


#፡4()-ሠ 
V-A(r)= lim = 
۵۷-0 AV 
where the surface S is aclosed surface that completely 
surrounds a very small volume Av at point r , and where ds 
points outward from the closed surface. 


N ነዓ D YectoR Field 
iu = dh is a Scaler ned Í 


— 94, E 0A. 
` በ፲ dy az 

SA 19 a 1946 | 9A: 

. = -መመ=17 Ay - — — 

ror r 00 92 
I ۸ 3 | በ | | JA 
CET A = — (RA - (Ap sin 0) + — 
A giag ^ 48 t ۴۰۳۲۳ سی‎ | Rind dé 


Divergence Theorem 
or ሕዝ 


(or Gauss’, or Green’s, etc.) 


BIW... variables are, well, variable !! © 


DA, , ÖA, 94: 


Check the divergence theorem using the function Solution: 18 this case — VAT ا‎ 


= 2. y A ^ and 
y = y“ X + (22/ + 27) ፻ + (2yz)z [oae [| የዞ. “ሥሠ 

V 0 J0 0 

š a 5 ۱ 
and the unit cube situated at the origin [urnas gang ] +۸ - 1 | idem: 
0 0 0 
Evidently, 
[v:var=2 
v 


So much for the left side of the divergence theorem. To evaluate the surface integral we must 
consider separately the six sides of the cube: 


1 ام‎ 
(ii) /“- -/ Í y dy dt = -4. 
0 40 
1 ام‎ 
(111) “ን 1 (2x +27)dxdz = $. 
0 0 7 
1 | 
(iv) IER 1 zdxd: A 
0 Jn ۹ 
1 ام‎ 
(v) | "a= | Í 2v dx dy = 1. 
0 YO 
| ያ፤ 
(vi) (DEER Í Odxdy = 0. 
0 0 


So the total fux is: 


#፦-ዉ-1-1+1-14+፤+0=2 
S 


as expected, 


Problem 3.40 For the vector field E = F10e7' — 23z, verify the divergence theorem 
for the cylindrical region enclosed by r = 2, z= 0, and z = 4 


Solution: 
2 "2፳ 
1 E-ds = 1 | ([የ106” — 232) (—ardrdo))|__, 
ےہ‎ /ዕ=0 ኞ 
27 ያ፥ 
«f / ((የ106”" — 232) ‘(frdodz))| _, 
o=0 / 2-0 > 


"2 27 
+ / 1 ((የ10ፀ” — 232) -(@rdrdo))|__, 
r=0 Jġ=0 on 


nn 4 à 21 
= o+ | 1 10”"2642- | / —12rdrdo 
معدن‎ #2=0 r=0 Jo=0 


3 


= 16076 * — 487۲ ~ —82.77, 


F^ = 
N VEdv= Í و‎ i [ሠ )1- _ 3) rdedra: 
2=0 =0 =0 


ds, = ۲۳۵۵ dz 
ds =ddrdz = sr | mac —r)—3r)dr 
ds, =2rdrdö ge 


3 2 
= 7 (we 107 (14-7) - Z ) 


real) 


= 160re”? — 487 = —82.77. 


Vector fields have spatial variability 


(EXAMPLE) 
| A 
did 
| | 8 قوم‎ 1 -— | QA, 
Viki an Ar) + zu ፀ sin Ju > 30 
ge a 
= V E = L 3. d = = 0 ١ 
KR? IR Kz dsp = RR’ sindd0dd ` 


ORsin@dR de‏ = وول 
ds, = ÈR dR 6‏ 


¡Mag Ak y sphere, Radius R 


ann سے‎ 
E LR. one 


D 
ER: AV= O? = MIO vide 
۷ 


WT a A ia^ 


whors ۹ ER 


T-Line Example... 


Problem 2.30 A 50-02 lossless line of length / = 0.3752, connects a 300-MHz 
generator with و۲‎ = 300 V and Z, = 50 Q to a load .رت‎ Determine the time-domain 


current through the load for: 
(a) 2 = (50 — /50) Q, 
(b) Zi, = 50 Q, 
(c) ZL = 0 (short circuit). 


50 £2 Transmission line 


50-50) Q 


Zo = 50 2 


Generator ፍ-፦ሥ / = 0.375 ےی‎ Load 
z=0 


z=-/ 


Solution: 
(a) Z = (50— (اکر‎ ) l 2۳ x 0.375), = 2.36 (rad) = 1357. 


_ 2-2 $0—90-50 — —j50 ەر‎ 
ZZ," 50-5050 ^ 100-750 €i ; 


Application of Eq. (2.63) gives: 


Zu + /Zotanfil [50 — /50) + /50tan 135° 
Zn = Za |——————=— = تشد تشد‎ e (100 
"m == $0 /(50— 750) tan 1356| — (100+ 430) Q. 


Using Eq. (2.66) gives 


Vi P CH 1 
° Ze + Zu J Kell Te 


300(100 + /50) 1 
70450 JO 


= 50+ (100-4 /50) 
= 190۰ (V). 
> Y 150-57 av 18.44" 
A= (1-0 = — — — (1-04527/94*) = 268477199 (ላእ 
Zo 50 
& (0) = Nele") 


= 9te[2,68 NN 44  Jénx10"] 
= 2.68008 (6r x 10% — 108.44") (A). 


(b) 

2, = 50 1 

T=0, 

La = Za = 500, 

300 x 50 1 ኣፍ 

T 3 == -j5 y 

de 50 + 50 [ጮህ] e (vy, 

- vo en ። 

i= ጄ = em =30 PY (a) 


ale) = 993-10۳ PT] = 3::8(6፳ x 10%r— 135°) (A). 


(e) 


sZqtan 13371 _ w‏ +0( ۔_ 
Za = 2 Ger? ) = jZotan135' = - 50 (0),‏ 
e AT ( : ) = 150.74“ (v),‏ 


መሙ: ተጠሙ 


፦ 
50 — /50 
۳ yt 40 ان بے‎ ^ 
R= p= 3 ]1+1[ 6677 (A), 
a(t) = 6cos(6m x 10° - 1357) (A). 


T-Line Example... 


Z, = (50 +750) Q 


Problem 2.49 Repeat Problem 2.48 for the case where all three transmission lines 
are À/4 in length. 


Za = (50 - 750) Q 


Solution: Since the transmission lines are in parallel, it is advantageous to express 
loads in terms of admittances. In the upper branch, which is a quarter wave line, 


፲ያ A‏ ون 
lm 72 2 D‏ 
and similarly for the lower branch,‏ 
H 2‏ 
Fa tw = = Be‏ 
Zi‏ = 
Thus, the total load at the junction is‏ 
S B Zi + Z:‏ 
hor = Fi in t Pin = `‏ 
0 


Therefore, since the common transmission line is also quarter-wave, 


in = ث2‎ / Ziet = ZY jer = 21 + Zz = (50 + 750) Q+ (50— /50) Q = 100 Q. 


3.6 thru 3.7 


"God created the integers... 
...all the rest is the work of man” 


- Leopold Kronecker 
http://en.wikipedia.org/wiki/Leopold Kronecker 


“ላ mathematician is a device for turning coffee into theorems.” 


- Paul Erdos 


http://en.wikipedia.org/wiki/Paul Erd96C59691s 


Lecture 11 
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Vector fields have spatial variability 
(EXAMPLE) 


| ፀ ۱ | مش‎ 
\ NUNT Ag) + —— — (A, sin 8) + ——— ہس‎ 
š POR ` R sin 0 ae Rsin® ad 


1 = | K "X > © 
m2 p R \ D^ : 
ሊሲ 2 ۹, ፳ = dsr = RR? sino gado 


dse = ORsinOdRdo 
ds, =OR ول‎ 


(v. V Hr ‘da use imagi ላ።ደሃ 5ዕካ Re, Radius R 


ፍላ — 


E, dt > 


Whar 5 "የ የና 
هم‎ + 17 


Gauss’s law 


< 


Y + 1 | 


2 " 
628 vint 


‹ non-zero curl 


clockwise counter-clockwise 
rotation rotation 
- = ገም ` 


p تید‎ ¿Z e ° 


non-zero curl 


|4"3 0182 


Ap 
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Vector fields have spatial variability 


Say VxA(r)=B(r). The mathematical definition of Curl is given 
as: 


If a component of vector field A(F jis pointing in the direction 
di at every point on contour C, (i.e., tangential to the contour). 
Then the line integral, and thus the curl, will be positive. 


If, however, a component of vector field A(r) points in the 


This rather complex equation requires some explanation ! opposite direction (-d/) at every point on the contour, the curl 
at point r will be negative. 


* Bir) is the scalar component of vector B(r) in the direction 
defined by unit vector d (e.g., a,.d,.a,). 


* The small surface ^s, is centered at point r , and oriented 
such that it is normal to unit vector oa. 


* The contour C,is the closed contour that surrounds surface 
As. 


Note: these are vanishingly small contours... 


Vector fields have spatial variability 


& ፻ 2 
ፀ ፀ 0 . ሆ OA JA, x f OA, 0۸ ~ (9A, OA, 
VxA=|— — — | = x | — — - < — 7 = 
dr dy 2 dy dz dz 02 Ox ፀነ 
ሓ Ay AL 
Example 
$0 و‎ å 
i - 0 0 
A 0+ 2yz)- ihe +y 2]+ 2(1-2»2) VxA=| = E ፦ = St 2ch $2y+2(-2x-22) 
2 
1+2yz (x? + y?) 1-2yz 
2 dr 2 
1| û ዐ 19A. ፀዲ a / QA, ፀዲ; i ፀ 0A, 
UE T V = | مسبت‎ LA LA ን [ — Z— 2:9)” | 
rlor dp Oz r 00 dz d: dr dr 80 
A, rAg A 
R ÔR 0 
1 0 ۵ ۵ 
۷ XAS — — — 
R-sind OR 00 00 
AR RA, (Rsin@)Ay 
1 ፀ ۱ 944 ^] 1 JAR JAR 
“፦ሙ፦ — | —— — — —(R — (RA) — — 
EAE dp OR = Aŭ | +45 E ብዜ "d 


=R 


E. 


Z (Ag 0ہ‎ 
Reine 1... በህ 


V = y sin(y)& + x^$ + 02 
VxV = [2፳-- 2y sin(y)+ y” cos( y))a 


Why DO we care about curl ??? 


Helmholtz Theorem 


If you know V ۰ (r ) and you 
know VxA(r), you have enough 
Information fo determine The 
vector field A(r)/ 


Is this true???? 


Stokes’ Theorem 


http://en.wikipedia.org/wi 
ki/George Gabriel Stokes 


۷ «۲۷ |۰5 = $V - dl 
^y P Poth (os nbus 


SCH S aĥ 
Sese (ome e Dësch 2۵96 © 
GX Suk race 


http://www.math.umn.edu/^rogness/multivar/multiple surfaces.shtml 


Q: what if S is a closed surface?? 


For the vector field E = &xy — $ (x? + 2y?), calculate 


Solution: In addition to the independent condition that 2 = 0, the three lines of the 
triangle are represented by the equations y = 0, y = 2 — x, and y = x, respectively. 
(a) 


feaz + ور‎ + L3, 


(a) 1 E- dl around the triangular contour shown 
C 


(b) ያ" x E)- ds over the area of the triangle. 
E Ire a 127)) ٠)8 و بوك‎ dy + &dz) 


2 ° 
- / (xv), یی نی‎ di — f (2+22) | dy / (Olo dz = 0, 
xe) ~ اسر‎ ም zu) 


im [e-se +2y))+(Rdv+9dv+2dz) 


Differential length, dl = Xdı+ydy+2dz 


۱ 2 > 
= NET f (+27) موی‎ d+ Im 


ቃ 2 x e H H 1 -11 
ድመ ብ )4«- 29° +9") +0 = ~= 


Ls = / (£x — Ha? + 27))- (Ldx +8 dy +1dz) 


L3 L2 - f y (eso ds — / E+) e? [as 


0 x 
1 2 Therefore, 
11.2 
A r. EET 2 =-3. 
E-A 5 +3 
(b) From Eq. (3.105), Vx E = —£3x, so that 
3 ; 4 0۸ BA 0۸ aA HA BA ۲ E-ds / f 1 23x) (dd dx)) 
- : mi E ہے‎ መጨፍብ፡ 6.1 سک ہبی‎ i «በጨ ላም i xE-ds= = , ly | 
یں‎ 5 xis se) MÀ )رب‎ ay #=9 Jy0 =: 
lA. “AS Ar 2 pis 
«f / (133) - (£ dy dx))], 
رت‎ 


1 2 2-x 
b -f £ aedyde— | / 3x dy dx 
r=0 0ےس7‎ 4፡1 ےر‎ 


- -f ze gäe Ü 30((2~x) ~O) de 


=- (2) - (32-9), =-3. 


Differential surface areas ds, = &dydz 
ds, = y dxdz 
ds, = 2dıdy 


Problem 3.47 Verify Stokes's Theorem for the vector field A = Rcos 8 + d sind by 
evaluating it on the hemisphere of unit radius. 


Solution: | . ١ 
A = 13 و0‎ ٥+40: 8 = R4p + 846 + ۰ 
Hence, Ar = 5086. Ag = An = sinê. 


y 
1 9 1 0۸ 
VxA= R 4 8 RA 
መ Rsin® 6 p" )) -e; R a "we dE 06 
e 3 a l 
۱ : sin t =R 8 R 8 8 
EET LA juin ag “i e PT سس‎ - (008 ) 
.بس‎ M ads _ ي‎ 20050 Aaf. 3 sino. 
= iz - ۳ As sine) * - 7 È P (RA, | + 7 EX ku) - 2d R R R 
For the bi aen surface, ds = RR? sin8 40 do. 
Differential surface areas dsp = RR? sind 4860 da =0 IW =0 D XA) 
وول‎ = 68 sin 9 dd R2. 6 send amêy . 
ds, =R 0 dp ዘጌ UR ہی‎ ተቆ ር ) “RR? sinê dê do 
b=0 ل‎ 0-0 R=1 


SEH `‏ ہو 


2 


0 


R=) 


The contour C is the circle in the x-y plane bounding the hemispherical surface. 


y fa as E (26058 + ësin9) -$R do 


Differential length, dl = RdR+6Rd0+ORsin Odd 


= 21. 


IL x dole 


ፍጻ 


Laplacian 


The scalar Laplacian is simply the divergence of the gradient of 


a scalar field: 
V. Vg(r) 
The scalar Laplacian therefore both operates on a scalar field 


and results in a scalar field. 


Often, the Laplacian is denoted as لد‎ ÎT ¥ 


V’g(r)=V.Vg(r) 


From the expressions of divergence and gradient, we find that 
the scalar Laplacian is expressed in Cartesian coordinates as: 


iy ፀ"ሃ ፀ"ሃ 5 027 
| Ox oy 82 
av 13v 7٢۷ 5 | ፀ ,0V | ፀ (s 
— 1d ری ےت‎ VV = —— | R— | + ——— | sin 
| و‎ r dQ? az” TA F] + sara 


>) 
Be 


00 UR sin 


Example: 
Find ሦ"4 , where A= 40 + 2yz)- she + yt 20 — 2yz) 


Why DO we care about the Laplacian ??? 


hi » Transmission line 


ZE = (R's jut.) He) 
AER ۔‎ (c^. ኦረ) v 
y 


NL 5 Ne A Ave - y! d 
anoles of His in FEJ 
BD f NER Fields 


(ine E) T m ve) Weit, ۱ ita 
ve): ኣፌ CA 2» veg +/د‎ ۶ መ/ር 82) 


Traveling Wave © 


Triple Products 
(1) A-(Bx C)=B-(C x A)=C-: (A x B) 
(2) Ax (Bx C) = B(A . C) — C(A - B) 
Product Rules 
(3) V(fg) = f(Vg)+ g(V /( 
(j) V(A'B)=A x(VxB) +B x(V xA)+(A.V)B+(B: (۸ 
(5 V-(fA)= f(V- A) - A-(V f) 
(6) V-(AxB) B. / Vx A) - ۸ ۰ )۷ x B) 
(7) ۷ x (/ል) = f(V x A)-Ax (Vf) 
(8) Vx (A x B)= (B. V)A — (A - V)B+A(V - B) — B(V - A) 
Second Derivatives 
9) V-(VxA) =0 
(10) Vx(Vf)=0 


OH Vx(VxA)=V(V-A)- VA 


V(z) =V e "° +V; e” e 


B ™ coslor - 0 +" ۳ Ws e^ coslor + Bz+ $7) 


v(z, t) = 


Vo 


Sinusoidal Steady State vs. Transients 


Step-by-step stub (cont.) [በ | > مسا‎ L 
| ۱5 Input aamı ce 
Y, Plus T- Line of Leva th 9 


it does Nor «Lude 


3 pun Feed we 


Shorted 
N stub 


Feedline M d > | 


Feedline 


Another quick T-line thought: 


7 short at 60 GHz, wavelength is less than 5 mm... 
circuit 

0 ^ ...how does this impact circuit design 
Kow's this all Mon e at this frequency? 


> MISIO ON seen ci Post 


15) (20 pts.) Given vector fields A and B. 
A = e Ye + و‎ + 2] and B = 10% + 107 


find: 


AB= 


AB» 


۲۰, = 


Finally, what is the angle between the vectors 4 and B at the point 3,7 
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10) Vectors in spherical coordinates can not be added directly, 


If I know the gradient and the divergence at all points T F 
(as well as some boundary conditions) I can reproduce the field exactly. 


j has infinitely many values, all of which are real numbers. T F 


The input impedance of a shorted stub can take on any value. T F 
depending on its length. 


A given shorted stub behaves like an open circuit at 600 MHz. What is the closest frequency at which i 
behaves like a short (assuming constant phase speed)? 


If A — A, cos 0 R, evaluate $$ Vx ۸۰ ds, where the integration is over the surface of the unit sphere. 


